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Given a permutation w of {1,...,n}, let R(w) be the root degree of w, i.e. the smallest
(prime) integer r such that there is a permutation o with w = o”. We show that, for
w chosen uniformly at random, R(w) = (Inlnn —3Inlnlnn + O,(1)) " Inn, and find the
limiting distribution of the remainder term.

1. Introduction and main results

Given permutations w and o of [n]={1,...,n}, and an integer r >2, we say
that o is an rth root of w if w =0", i.e., if w is the rth power of o. The
problem of estimating the number of permutations of [n] that are rth powers
has attracted much attention since Turdn [10] proved an upper bound for r
prime, and Blum [2] gave a sharp estimate for r =2. Bender [1] established
an asymptotic formula for the partial sum of these numbers. Bolker and
Gleason [3] found a sharp asymptotic formula for the case when 7 is prime,
and Boéna, McLennan and White [5] showed that the fraction of those w
decreases with n. Recently Pouyanne [7] proved that, for a fixed r > 2, this
fraction is asymptotic to b,n~(1=¢("/7) where, as usual, ¢(-) is the Euler
totient function, so that ¢(r) is the number of integers up to n that are
relative prime to r. Of course, this fraction is simply the probability that a
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permutation w chosen uniformly at random among all n! permutations of [n]
has an rth degree root.

The aim of this paper is to continue Pouyanne’s work and to study the
limiting distribution of the root degree R, = R(w), the smallest (necessarily
prime) integer r >2 such that w has an rth root.

First, let us give a short proof of the fact that R, /(Inn) is bounded in
probability. Let p be a prime. A permutation w is a pth power iff C;(w), the
number of cycles of w of length j, is divisible by p whenever j is divisible
by p. Now

Cj (w) = Z Ia(w),
AC[n]:|Al=j
where I4(w) is the indicator of the event “A is the vertex set of a j-long
cycle of w”. For the uniformly random w,

n!

So

(5) G = Dl —j)!
| = J
Bl > Gl= 2 ul
{iepls} {i:pli}
gy P
By Bertrand’s postulate, if a>2 and n>2 then there is a prime p=p(n,a) €
[alnn,2alnn|. Consequently,

21 2
P{C; =0,Vj=0(mod p)} >1— s

p a
It remains to notice that if the event {w: Cj(w) =0,Vj =0(mod p)} holds
then w has a pth root.
We shall prove that, in fact,

Inn

R pr—
(@) Inlnn —3Inlnlnn + O,(1)’

where O, (1) denotes a random variable X, = X,,(w) bounded in probability
as n— 00, i.e.,, P{X, <v,} —1 for 7, — oo however slowly. More precisely,
we shall show that the total number of primes

Inn

p < S <—O0,00),

“ Inlnn —3lnlnlnn + z’
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such that w is a pth power tends in distribution to a Poisson variable with
parameter A=e~*. To prove this result we shall extend Pouyanne’s asymp-
totic formula to the case when r may grow polylogarithmically with n. The
analysis is rather technical since the total number of algebraic singularities
of the relevant generating function increases with n. A key tool of the proof
of Poisson convergence is the following form of the prime number theorem
(PNT) with a remainder term (see, e.g., Tenenbaum [9]):

*d

m(z) :/ Y —|—O(1:exp(—(lnm)1/2)), x — 00.
2 Iny

Here and elsewhere we use the big-Oh notation for the order of magnitude

of various remainder terms, as the appropriate parameter tends to a certain

limit (usually n— o0).

2. Statements and proofs

Let w be a permutation of [n] ={1,...,n} and r > 1 an integer. Let p; <
.-+ < pi be the distinct prime factors of r, of multiplicity ai,...,ax, so that
r= Hie[kz} p;t. Write g for the largest square-free divisor of r, i.e., g= Hie[kz} Di-
Given S C [k], define r(S) =][,cgp;". Let C = C(w) = (Cj(w))}_,, where
Cj(w) is the number of cycles of length j in the canonical representation
of w. Pouyanne [7] proved that w is an rth power iff C;(w) is divisible by
r(S) whenever j is divisible by [];cgp;- We shall denote by C, the set of
integer sequences c=(c;)"_; satisfying this condition.

J
Suppose w is chosen uniformly at random among all n! permutations. Set

C(n) =C(w), and P(C,) =P{C(n) €C,}. In the proposition below, ¢(-) is
again Euler’s totient function, so that ¢(n) = an|n(1 - 113), with the sum
over the primes dividing n. Furthermore, again as usual, u(-) is the M&bius
function, so that ¢(n) = n} g, n(d)/d; in particular, for the square-free

mumber q=p; ---p, we have ¢(q)=[15, (pi— 1) =a X g, 1(d)/d.

Proposition. There exists an absolute constant ¢* >0 such that if r is an
integer with k prime divisors and

Inn
k < *
(1) 2 lnr_clnlnn, c<c,
then 0(e) P
14+ 0(e
— n; T —p(d)/d
P(C) ni=o)/r L(¢(r)/r) gId ’
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where
En=e€ (c*—¢) o
= X — —
" P Inlnn/’
. x¥
(2) 57' = H EXij(]./]), EXpd (l‘) = Z ol )
{5>1: ged(j,r)>1} v=0(mod d)
and
(3) ri=r(S) =[] p" Si=A{pi:pili}

iESj
Remarks. (a) For a fixed r, and without an explicit remainder term esti-
mate, this was proved in [7].

(b) It is known (see, e.g., Hardy and Wright [6]) that most of the large
integers r have less than log,Inr (prime) divisors. For those typical r’s the

condition (1) is met if
Inn \2
r<exp||c .
< In lnn)

(c) Pouyanne’s result implies that R, = R(w), the root degree of the ran-
dom w, is unbounded in probability. We shall use Proposition to determine
the likely order of R,,.

(d) Now that r is allowed to grow with n, analytical issues become no-
ticeably less standard. It turns out to be helpful to use some auxiliary inde-
pendent random variables, which approximate the cycle counts C;(w)’s.

Proof of Proposition. Lloyd and Shepp [8] proved that (C;);>1 coincides
in distribution with the sequence Z=(Z;),>1 of independent Poisson random
variables (27 /7), conditioned on the event {Z € A,}, A, :={c: >_jdcj=n}.
Here z <1 is arbitrary. Since for |z| <z*1 we have

ZJZ (mz)j _ 1—2z
’ Hexp( j ' ) 1—zz’

J

we see that > j JjZ; is geometrically distributed, with parameter 1 —z. In
particular

(4) P(A,)=P{Zec A} =(1—2)z"
As in [8], to maximize P(A,) we take z=1-—n"1. Thus
()

P{C(n)eCT}ZP{ZGCT;ZGA"} P{ZeAnyZeC}P{Zec}

P{Z c A,} N P{Z c A,}
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Let us remark that there is nothing special about the set C,: relation (5)
holds for every collection of finite sequences of nonnegative integers. Having
said this, we add that C, is defined by the divisibility condition imposed on
the individual components of c= (¢, c,...). This simple observation implies
that, conditioned on the event {Z € C,}, the random variables Z; remain
independent. Moreover, for ged(j,7) = 1, conditioning does not affect the
distribution of the variable Z;, and for ged(j,r) > 1, the variable Z; becomes
distributed as the random variable Z j* defined by
(27 /5)"9"
" P{Zj = Tjt} (rjt)!
P{Z: =r;t} = = e, >0,
=t 2oz Pl =miTt Y (ZZ/J.JT))!J

where 7;=7r(S5;) is defined in (3). Since r; is at least 2, it follows that

zj rt
- % . Zj i Zt>0 t+1 H!
JIECI R f(j) 7
ged(j,r)>1 ged(j,r)>1 ZT>0 (i"-r)'
> 57!

(6) < Z ZJ =Inn.

Therefore, for every A>0, we have

(7) P > jZi=xp<A'n
ged(g,r)>1

Next, we examine the conditional probability in (5). Using Z7, we write

Qni=P{ZecA,|ZeC}=) Ps > jZi=n-m

m<n | ged(j,r)=1

xP& > jZr=m

ged(4,r)>1

(8)

Let us take a sequence m,, — 00, such that Inn=o0(m,,), m, =o0(n), post-
poning its exact definition until the end of the proof. By (7), the contribution
of the m’s from [my,,n] to the sum in (8) is at most

(9) EH:P Z JjZ; =m < m, Inn.

m=mn ged(4,r)>1
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Thus, we are left with the task of evaluating asymptotically P{> ged(jr)=1

JjZj=n—m} for m <m,,. To this end, we go back and express this probability
using the variables Cj(n —m) counting the number of cycles in a random
permutation of [n—m]:

Py ) {Cln—m)=0}

ged(g,r)>1
R
P{ Z JjZ; =n— m}
Jj>1

By formula (4),

Zij =n—mp=(1-2)""",

Jj=1

so, by (9), identity (8) becomes
(10)

= U7 e N Gmem=0)
P { m {Zj — 0}} m<mn ged(4,r)>1
ged(

j,r)>1

Po Y jZi=mp+O0(m, Inn)|;
ged(4,r)>1
as z7Mm<z " <e ! for m<n. Slncezgcdﬂ
1 —0(1), and 2" ~ 1 for m < m,, it remains to give a sharp estimate for
P{Nged(j,m>11C;(v)=0}} when van.
Applying Cauchy’s formula for the number of permutations with given
counts of cycles of various lengths, we obtain that if >0 then

A O TTCH S ST | B

~1JZ; <my with probability

ged(j,r)>1 > jaj=v gcd(j,r)=1 &
(11) e (51
xj v
= [2"]exp Z i)~ [zV|F(z).
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By the inclusion-exclusion principle, for |z|<1 we find that

2J 1 !
Flz)=exp | > " +> (-1)F > o >, ;
j>1 J =1 1< <ip Pi Pig PiyseesPigli>1
1 b 1 1
(12) =exp | In + Z(—l)g Z In i
-z 3 R LI
B p(d) 1 _ d\—p(d)/d
=exp | A LI =@ — %),

d|r d|r

with p(-) the M6bius function. This key identity was proved differently in [7].
Clearly, for every d>0,

d—1
1— led — H(l . xefiQTrT/d).
7=0
Hence (12) can be written as
d—1
(13) F(z) = [[ [ (1 - ze 27/ 1D ) < 1.

dlr =0

Recall that ¢=[],ps. Since u(d)#0 if d|q, each e~277/4 that is actually
present in the double product is a root of 29=1, i.e., of the form z; =27/
for some t, 0<t<q. Consequently, (13) is equivalent to

q—1
(14) P(z) = [J(1 —ze ™0™ |z <1,
t=0
where
<_1)|S\
a= ) 4(S) Ligsony  (A) =[] ps
PCSCIk] s€A

Putting this another way, setting Dy ={s: p,|t} we have
-1 k -1 k
1 =" o= [T
1 0CACD; q s€Dy

(cf. Lemma in [7]). Therefore |ay| <1 and, as Dy =[k],

(16) _ 90



138 BELA BOLLOBAS, BORIS PITTEL

As 2<py <---<pp, we have

k

1 1
(17)  minfag— oy : 0 <t <gq} > <15§]q) - g(ps S <Z5EJQ)’

since

(b1 -2 -1) = 2-1)3-1) =2
Therefore x( is the dominant singularity, of order «y, and «y € [—1,1/2] for
t#0. Furthermore,

Z|at]: > J[ws-1D{0<t<q: D, =D}

DC[k ] s€D
(18) = Z [Tes=1 I e = 1)
DC[k: 1s€D s'eD¢
_ 9(@) o <ok,
q

a bound which depends only on the number of prime divisors of r.

By relation (14), the function F(x) has an analytic continuation, which
with a slight abuse of notation we also denote by F'(x), to the whole complex
plane without the radial cuts Ry = {z = uay,u > 1}, 0 <t < ¢g— 1. This
continuation is obtained by setting, for x ¢ Ry,

(1 — :I:e—izm/q) M = exp [—at (ln |1 — xe_i%t/q| +iArg(1 — :z:e_i%t/q))} ,

Arge (—m, ).

Picking a small § >0, let L = Ls be a counterclockwise oriented closed
contour consisting of ¢ circular arcs A alternating with ¢ double radial
segments By:

; 2 2
As:{x:(1+5)e’0: (s —1) T<o<s W}, 1 <s<gq,
q q

Bsz{x:ueizm/q: 1<u§1+5}, 1<s<q.

By “double” we mean that each By is traversed first downwards from u=1+§
to u=1+, and then upwards from u=1+ to u=1+49. This contour L is the
limit of smooth contours tightly enclosing the d-long initial segment of the
cut Ry. (Shortly, we shall let =4, —0.) Since a3 <1, and L is the limit of
smooth contours enclosing 0 and avoiding the cuts, we have
1 F(x
[zV]F(x) = f mV(H) dx.
L



DISTRIBUTION OF ROOT DEGREE OF A RANDOM PERMUTATION 139

Here, for z € By we set F(z) := lim,_,, F'(y), with arg y < 2ms/q when
traveling downwards, and with arg y>2mrs/q when traveling upwards.

Let us show that the value of the integral is asymptotic to that over the
cut By. First of all, for |z|=1+4,

§<|l—xz| <2434,

so that, for 24+8<1/6, i.e., 6 <v/2—1,

e (1 el
=\s

Therefore, by (18),

q—1 |O¢t
1
F cx e UgA ) <
(P w0 <] (5)
1 >t ot 1 2k
< < :
()7 =)

1 F(z _ok .
(19) 2 / ||ac!(V+)1| dz| <572 (14 9)
UsAs

SO

Consider now the contribution of a cut B,, 0 <7 <gq. Suppose that ¢>3.
We have

maXH‘l _ me*i27rt/q’—04t — max H’]- 7,271' (t—t) /q‘ o
(20) r€EB, tir u€[1,144]

< th:()'at‘ < q
because, for |7 —t|>1,
(21) 4/q < ll—eiQ“/q‘ < ll—uei%('r_t)/q‘ <240 <gq,
if §<1. For ¢=2, we have 7=1, t=0, and ap=1/2. So
9-1/2,

max |1 —z|7% = max |1 +u| /% =
rE€B u€[1,144]

whence (20) holds for ¢=2 as well.
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The absolute value of the integral of the omitted 7th factor over B, is
bounded by

’1 _ xe*iQﬂ'T|*C¥7— 144 1
I = e |dx| =2 /(u — 1) u"" du
B, 1
(22) s
2 -« —v—1
= e, [ (1+w/v) dw.
0

Since o <1/2 for 7#0, the last integral is asymptotic to I'(1—a; ) provided
that v6 — oo, in which case the integral over B; is of order v~ Therefore

the contribution of B is of order q21c v~ and so

F (e}
/ ” b da] = <2+1ZV 1+ T>

xe U BT T#O
(23) T#0 ( +1 —1+o¢0 Vma.xf;éo(ar—ao))

( 71+a0/2)7

as ar <ap/2.
Finally, we turn to the cut By. For z € By,

Fz) = (1 - 2)""G(x),

where

G(x) = H(l - meﬂ?”/q) e
T#0

and '
_ B e 7 for x from 1+ ¢ to 1,

(1—2)" =|1—x|"* x -
e for x from 1 to 1+ 4.

In addition,

o . /
Gla) = G +0(|Jr 1| max G'W)]). =1

where o
e~ 12mT/q
Gy)=Gw)> = ..
T#0 1—ye i

Therefore, by (20) and (21), we have

G(z) = G(1) +0(z —1¢**?), z—1.
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Here, using ag=¢(q)/q=¢(r)/r and (12),

1 _ — 1 _ p\d)/d _ pdy—u(d)/d
G(1) 1;?110 ) F () 1;%1 [[a-= []a-a%
d'|r d|r
- H d—m(d)/d
d|r
Putting these pieces together, we see that
7 1+0
/ mu(fl) dx = i2sin(agm)G(1) / (u—1)"%u"""tdu + O(Ry),
Bo 1
146

Rs = q2k+2 / (u— 1)1—a0u—u—1 du
1

(cf. (22)); O(Rs) stands for a remainder term whose absolute value is at
most Ry times an absolute constant. Since 1—ag >0, the integral in R is of
order 2T hence the remainder term is O(q2k+21/_2+0‘0). If, in addition
to vd — 0o, we impose the restriction that § =o(v~/2) then, as (14+w/v)’ =
(1+0W?/v))e, w=o'/?),

140

/ (u—=1)7 0w du = (1+0(1s%)

1

F(l —ao)

pl—ao 7’

holds uniformly for ag<1.

Therefore
[]d—#d/d
1 F(z) 2y AT “1tao 2842 _21ag
(24) S dr = (1+ O(vé?)) (aw) v +0(¢* v )
Bg
where we have used that
I'z)I'l—=z) = sin(rz)’ z#0,—1,....
By (19), (23) and (24), we have
@) Hd—u(d)/d
1 F(x d|r _
E — dr = (1 2 14+ag
o5y PIF@ = L Z{ = arowy™

+ 0(5—2’“(1 +0)V + q2k+1y—1+a0/2 + q2k+2y—2+a0)7
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provided that vd — 0o and 6 =o0(r~/?). Note that

[[a+ @ —exp -3 ugld) nd

d|r d|r
o (20 ) 21
plg
and I'(ap) <1/ayp, since ag € (0,1); therefore

[]d+@/d

dfr >, _ 9@
= 0y = .

() q

We know that (see, e.g., Hardy and Wright [6, Thm. 328))

(26) o e g OO (0 + 1)

0.
0>2 / -

Consequently, assuming that ¢ <n, the fraction above is at least a/Inlnn.

Let us turn to the remainder term in (25). Recall that v € [n —my,n],
with m=m,, =o(n). Starting with the middle summand, note that

qQkJrlI/*H"‘O/2 < exp[(Zk +1)Inr—(1—ap/2)Inv]
< exp [2k+1 Inr —0.51n 1/} < p=(05=2c1) _, 0,

if
(27) *Inr<elnn, ¢ <0.25,
in which case it dwarfs the third summand.

Set d=n", y€(1/2,1). Then

5_2k(1 +6)7" <exp[2¥Inn — 0.5 7],

which by (26) is also negligible compared to the second summand. Therefore
the remainder term in (25) is of order O(q2k+1n_1+°‘0/2).
Now, using (26) again, we find that

q2k+1n—1+o¢0/2

< exp <22k Ing— qb(q))

2q

a Inn
< 2(2Ing —
_exp[ ( i 4lnlnn>}

lnn ]

Inlnn

n—1+0¢0

< exp [—2((1/4 —¢)
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if
Inn a

28 2% 1ng < .
(28) nq_clnlnn’ C<4

Relations (27) and (28) hold simultaneously if

Inn

Fnr<ec ¢ < ¢ :=min{0.25,a/4},

Inlnn’

in which case (26) becomes

Py () {Ciw)=0}p = [2"]F(x)

ged(g,r)>1

= (1+0(c0))

where

En 1= exp <—(c* g fom ) .

Inlnn

By (29) we find that the sum in (10) is

[ d-(@/d
d|r

(14 O(myp/n+ep)) I'(a)

nOP S N Gz <my
god(jr)>1

and the last probability is at least 1 —m, Inn (see (9)). Plugging this ex-
pression into (10), and using (4), this shows that

0, = (1—2)z"
Pl N (z-0
(30) ged(g,r)>1
] d-@)/d
x (1+O(en +my/n+n'"m, 1nn)) dTF(a ) n a0,
0

Clearly,
mp =n'"%2Inn (> n1/2)
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is the best choice, in which case

1
My /n+nt"m  inn = 2n70/2/Inn < VInnexp _amn
2Inlnn

Inn
< &y = €xp [—(a/él - C)lnlnn] .

Consequently the 1-plus-big Oh factor in (30) is simply 1+ O(g,).
By (30) and (5) we have

. P{Zec}
P{C(n)€C,} = Q”P{Z €A}
Hd*/‘(d)/d
31
o = (0™ ) Plzec)
’ Pl N (z-0
ged(4,r)>1

Finally, the last ratio of the probabilities is

e TS ) =aroery T (30

ged(f,r)>1\t20 ged(4,r)>1\ >0

Indeed, the jth factor is

Z (1/5)73¢ coln Z (/51

>0 (Tjt)! =1 (T‘jt— 1)'

(ol )T

t>0

and
(1/5)7 1
< < Q.
Z (Tj — 1)' B Z 2
ged(g,r)>1 7>1
This completes our proof of the proposition.

After this substantial preparation, we are ready to prove the main result
of this note.
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Theorem. Let R, = R(w) denote the smallest prime r such that w=o" for
some permutation o =o(w,r). Then, for each fixed x,

1 —a
lim P{R < nn }zl—ee .

n—o00 "= Inlnn—3nlnlnn + z

Consequently
Inn

R, —
" Inlnn—3mnknlnn+ O0,(1)’

where O,(1) stands for a random variable bounded in probability as n— oc.

Proof. Let us choose a sequence of integers (m,,) with m, ~ (Inlnn)~!1nn,
and write X,, = X (w) for the total number of primes p <m,, such that w is
the pth power of some permutation o. Equivalently,

Xp=Xw) =) 1 (Cw)).

p<mn

Note that, by our Proposition,

1/p
(33) E[1¢,(Cw))] = P(C,) = +n?/i€n) ' F(fpf )

Since sup,, [Bp'/P /I (1-1/p)] < o0, for m;; =(alnlnn) 'Inn, we have

Z P(Cp) < allr?ﬁlnexp(—alnlnn) -0
p<my
if a>1.

Therefore, with high probability (whp), i.e., with probability 1 — o(1),
there is no prime p <m,, such that w is a pth power. To put it differently,
whp X,, =Y,, where Y, is the number of admissible primes, i.e., the primes
p between m,, and m,, for which w is a pth power:

Y, = Z 1c,(C(w)).

My, <p<Mmp,

Now, for p>m, — oo, the second fraction in (33) is asymptotic to 1, hence

(34) EY, ~ Y n'r

My <p<mp
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More generally, given k> 1, writing (Y,,)g=Yn (Y, —1)--- (Y, —k+1) for
the number of ordered k-tuples (p;,,...,p;,) of admissible primes, we have

k
(AT SR | ET(e(®)

My <piy - #pij, <mp (=1
Observe that

b k
[I1c, (Cw)=1c,(Cw), a=]]pi
/=1 Pl

Indeed, the product on the right is 1 iff Cj(w) is divisible by HZe[k} Di,
whenever j is divisible by ng[k] pi,- By our Proposition,

1
n1_¢(’1)/q ’

as the omitted factor in the formula for P(C;) is asymptotic to 1. Further-
more, since

Elle,] = P(Cq) ~

k k
)y 11 <1 ! ) => ! +0(28(m,;) %),
q —1 pe v—1 Pie
we have
- ¢> Hn 1/pig . exp| (2 Inn/(m Hn iy,
n
as
Inn (alnlnn)?
= —
(my )? Inn
Therefore

k
(35) E[(Ya)r] ~ Z H n~pig,

My, <Piy ##pzk <mp =1

Note that, for k£>2,

k 2 k—2
Z H n~ /P < (2> n—2/mn Z H n=1/pi,

My S<Piqseen pzk<m” =1 mrj<pi17---7pik.72§mn (=1
F<uFv<k: pj, =DPi,

k

k —2/mnp —1
_<2>n / o

mp <p<mnp
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Since

Inlnn

n=2mn — exp <_2(1 +o(1))Inn ) < (Inn)~!,

Inn

relation (35) implies that
(36)  B[(Ya)e ~SE+O0((nn) 'SE2), Sp= > P

My <p<mp

147

It remains to show that, for some sequence (m,,) with m, ~ (Inlnn)~!Inn,

the sequence (S,,) tends to a (finite) limit.

Let py =2 <py=3< ... be the sequence of primes in increasing order
and, as usual, write 7(x) for the number of primes at most x, so that m(x)=
max{t: ps<x}. As we remarked earlier, by the PNT with a remainder term

(see, e.g., Tenenbaum [9]), we have

7(z) = Li(z) + O(ze_(1n$)1/2)7 T — 00,

T

(37) . dy x

Li(x) : /lny ~ g LT
Consequently
(38) t = Li(pe) + O(pre” "7,

Let H(-) denote the inverse function of Li(-). From the formula for Li(z)

it follows that
H(z):]0,00) — [2,00), H(z)~zlhz, z— .

Then
1

H'(y) = =In(H ~1 .
This formula and (38), together with p;~¢Int, imply that
(40) pr = H(t) + O(t(Int)%e 0'*)

Let
[t tT] = {t :m, <p <mp}.
Then
- (m=)+1 Inn

= T mn ~ 2’

(41) a(lnlnn)

Inn

. —(Inmy,)/2
t* = m(my) = Li(my,) + O (mpe ( : ) ~ (Inlnn)2’
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Consequently, for t€[t—,t 7],

Inn B Inn

P H(t) + O(t(Int)2e *<1nt)1/2)
lnn (t_l — lnt nn)
lnn

_ (lnlnn exp( 0.9(lnlnn)1/2))

lnn
= 1
PO
and so formula (36) for S,, becomes
t 1
. _lnn
Sp ~ S, = tEt exp ( H(t)) :

Now, by (39),

and, as H(t)>2,

211
ar? H(t) — (H(t))3
showing that —1/H (t) is convex. Consequently

;1” ) exp ((lnn) gnHZf;l(t—m)

S
E ) oo o]

Inn ) (H(t+))?

(42) [2(n H(t))* —In H(t)] >0,

| /\

exXp

3*

| /\

~ exp

H(tt+ InH(tt)Inn’
since nH(E) i
(Inn) (H(tH)?2 ~ O((Inn)tnlnn) — 0.

By (39) and (41),
H(t") = H(Li(my)) + O(m,(Inlnn)e~ @ m)"?)
=my, + 0(670‘9(111 )t 1y n)
=my(1+ O(efo'g(lnlnn)l/2 Inlnn)).
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Therefore
(H(th))? (mn)?
ImH(t ) Inn Inm,lnn’

and

Inn lnn(
H(tT)  my,
1
_ nn_|_0(6—0.9(1n1nn)1/2(lnlnn)Q)‘

mpy

1+ O((fo'g(mln”)l/2 Inln n))

Since m,, !Inn is of order Inlnn, we conclude that

lnn> (mn)?

my ) Inmy,lnn’

(43) S1 < exp (—

Furthermore, it follows from (41) and (42) that

a1 +y-3
— =B(ntT)! ek
062 H (1) o(H) ™ (ntt)™), telt ,t']
Hence, for
tel, =[t"(1- (lnlnn)_l/Q),t"‘]
we have
1 1 In H(t") n 1
— - —tH(1 Inl /2)).
H(t)  H(t) (H(t+))2(t t )( +O(<nn”) ))
Consequently,
1
Sy > Zexp( nn)
tely,
4 1/2 Innln H(tt)
>eXp< Inn )1 exp —0.9t"(Inlnn)~ (H(t+))?2
- nnln +
(44) L= exp (= (14 o1) "G
1
o), |
1—exp (=(1+0(1) ")

t+ 2
NeXp( ) In H(t+) lnn

149
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_1plnnIn H(t) (Inlnn)~Y21nn
(HE)2 = et
> ¢y(Inlnn)'/?,

tT(Inlnn)

relations (43) and (44) imply that

(45) S, ~ exp (—

Recall that (45) has been proved under the condition that (m,) is an
integer sequence and m, ~ (Inlnn)~'Inn. To choose an appropriate se-
quence (m,,), let

lnn> (mn)?

my, ) Inmy,lnn’

Inn
= R
() Inlnn —3lnlnlnn + z’ TER,
and set m, = pn(x)].
Simple algebra shows that
1
My, nn +0(1)

- Inlnn —3Inlnlnn + x
Inn

“ Inlnn—3Inlnlnn + Tn
zn, =2+ O((Inn) ! (Inlnn)?).
Consequently, for this sequence (m,,) we have

(Inn)?(Inlnn)=2

lim S; = lim exp(—lnlnn—i—?)lnlnlnn—xn) (Inlnn)1
n—oo nlnn)lnn

(46) n—oo
=e "
Thus, recalling that S, ~S;; and using (36),

lim B[(Y;)f] = (e7®)*, k>1.

n—oo

This implies (see, e.g., [4]) that Y;,, and hence X,,, converges in distribu-

tion to Poisson (A), A=e™",

)\kz
lim P{X, =k}=¢"?" , k>1
n—00 k!
Consequently
Inn —z
lim P < = lim P{X =1—-e°
e {Rn_lnlnn—?)lnlnlnn+x} oo X0 >0} c

completing our proof.
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